Elementary Bifurcation Theory

Intuition: x(t) = f(x(¢t), 9) -nonlinear time invariant system
parameter

The qualitative structure of the vector field f(x(t),8) may change as
the parameter 6 changes.

In particular:
« the equilibrium points may be created or destroyed
« the stability properties of equilibria may change

These qualitative changes in the dynamics of the system are called
bifurcations, and the critical values of the parameter 6 are called
bifurcation points.

Example: buckling of a beam

m, >m1
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Example: insect outbreak
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Bifurcation—qualitative changes in the behavior of the system
depending on the choice of parameters.

Bifurcations can be:

1. Local (they can be analyzed using only local stability properties of
equilibria, periodic orbits, or other invariant sets)

2. Global (they involve larger regions of the state space—not just the
neighborhood of equilibria)

Local bifurcations can be:

« Static
 Dynamic

Static bifurcations—mechanisms by which equilibria are created or
destroyed.

Dynamic bifurcations—mechanisms by which the stability of equilibria
is changed.



Example: Saddle-node bifurcation (static)
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Another way to see this is to linearize: x = u — x?
Df(x) = —2x

Df(\VE) = —24E < 0—stable. Note: p >0

Df(—+E) = 24/E > 0—unstable. Note: u >0

u < 0—no equilibria



Example: Transcritical bifurcation (dynamic)

% = px — x2 Equlibrium: x2 = ux =[x = 0| or [x = 1

Df(x) =p—2x

Df(0) = u (stableif u < 0, unstable if u > 0)

Df(u) = —u (stableif u > 0, unstableifu < 0) X
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Example: Pitchfork bifurcation (static & dynamic)

X = ux — x3

Df(x) = u — 3x?
Df(0) = u (stable if 4 < 0, unstable if u > 0)
Df(+yR) = —2u (stable if u > 0)

Equlibrium: x3 = ux = [x = 0] or [x? =
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Example: Hopf bifurcation (dynamic)

X1 ==X +x1 (.U — (xf +x22))
Xy = %1+ X3 (#— (xf +x§))

Polar coordinates: x; = pcos(p); x, = p sin(p)
Straightforward calculations:
p=pu—p?)
=1

Equilibrium: p =0 =|p = 0| or |p? = u| (note: u > 0)

Df(p) = u— 3p®
Df(0) = u -stable if u < 0 and unstable if 4 > 0.

If u < 0 there is only a single equilibrium point p =0 (x; = 0;x, = 0)
If u > 0 there is a single equilibrium point p = 0, and a stable limit cycle
at p = ./u.
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